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Abstract. A systematical method is presented for solving the relativistic wave equations for particles of
arbitrary spin. Explicit helicity relativistic wave functions for particles with arbitrary spin are derived

rigorously.

1 Introduction

In the area of high energy physics, in order to calculate
the relevant Feynman diagrams and perform amplitude
analyses for high energy processes it is necessary to employ
higher spin relativistic wave functions [1-4].

Various forms of wave equations for particles with spins
greater than unity have been discussed extensively [5—
9]. In view of solutions, the most convenient forms are
the Klein—Gordon (K-G) equations for integral spin and
the Rarita—Schwinger [8] (R-S) equations for half-integral
spin. Moldauer and Case [10] once pointed out that the R—
S equations can be derived from Dirac—Fierz—Pauli theory
[5-7]. In the first part of the present work, we will show
that both of the K-G and R-S equations can be derived
from the Bargmann-Wigner [9] (B-W) equations. A pro-
found property of this derivation is that it demonstrates
clearly that all the subsidiary conditions added to the K-
G and R-S equations are included in the B-W equation,
and thus “the B-W equation could be regarded as the
simplest, and the least restrictive (though in many ways
the most profound) set of equations” [11].

The easiest method to construct explicit wave func-
tions that satisfy the K-G equations for integral spin and
R-S equations for half-integral spin was proposed by Auvil
and Brehm [3,12]. These wave functions are constructed
from the spin-1/2 and spin-1 functions with Clebsch—
Gordan coeflicients. By always coupling to the maximum
possible spin, Auvil and Brehm found that this kind of
wave functions automatically satisfies the K-G or R-S
equations. Based on this method, a more closed form of
the wave functions for an arbitrary integral spin has been
derived recently by Chung [1]. As a complete solution to
the K-G or R-S equations, however, these wave functions
should be derived rigorously from the K-G or R-S equa-
tions. The principal purpose of this paper is to develop

# Corresponding author.

a systematical method to solve the K-G and then the
R-S equations; we would not only deduce rigorously ex-
plicit helicity wave functions, corresponding to positive
and negative energy solutions both in momentum and in
coordinate representations for arbitrary integral and half-
integral spins in a step-by-step way, but also show clearly
how the non-maximum spin components are removed by
the subsidiary conditions contained in the K-G and R-S
equations. For an arbitrary integral spin, the wave func-
tions in the momentum representation derived from the
K-G equations in this work are consistent with those given
by Chung [1], except that our results are not presented in
the rest frame. The procedure and the results expressed
in the solution to the K-G equations form an important
foundation for solving the R—S equations.

2 Wave equations for particles
with higher spins

We discuss first that both of the K-G and R-S equations
can be derived from the B-W equations.

2.1 The B-W and K-G equations for integral spins
2.1.1 Spin 1

The B-W equations for spin 1 are

(1a)

(a+m)aa/wa'6(x) =0,
0 (1b)

(P +m)ppVap (x) =0,

where W, 5(x) is a symmetric spinor of rank 2 which can
be expressed as [13]

A”(z),

U,p(x) = (imy,C + EWC@M)W (2)
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with C' = 7974 the charge conjugation matrix, v,C and
X2, C the symmetric matrices, and A”(z) the vector fields
satisfying the well-known K-G equations

(O —-m*)AY(x) =0
0, A" () =0

(v=1,23,4), (3a)

(3b)

2.1.2 Spin 2

The B-W equation for spin 2 reads

4a
4b
4c
4d

(2 +m)aa Vo psr (v
(P +m)spWapor(
(
(

)

T

P e

(@ +m)ssPapsr
(a + m)‘rr’q;ozﬁéf’ x

)=0 )
) =0, )
x) =0, )
)=0 )

—~~

)

where ¥,35-(z) is a completely symmetric multispinor of
rank 4. Comparing (4a) and (4b) with (1a) and (1b), it is
easy to see that they satisfy the same Dirac equation with
respect to the indexes v and (3; furthermore, ¥, 35 () is
symmetric between o and 3. Therefore, by using exactly
the same procedure in which (2) and (3a) and (3b) are
derived, we obtain

Uopsr(z) = (imy,C + E,WC'(?“)aﬁ

As-(z), ()

with Aj_(x) satistying the following equations:

(6a)

(D - m2) g‘r(x) =0 (V = 1727374)7
0 (6h)

9, A%, (z) =

Since Wogs- () is also satisfying the Dirac equation (4c),
we have

(imv, C + Z#Vca#«)aﬁ (P +m)ss Ag - (2) = 0;

because a and [ are arbitrary indices, this equation can
be written in matrix form, namely

im (v, C) (P + m)ss A (x)
(X C)0u(P +m)ser Afr, () = 0;

by virtue of the independence of the matrices v, C and
2, C, the above equation gives

(@ +m)ss A§i- () = 0.
Similarly, since W, gs- () is also satisfying the Dirac equa-
tion (4d), we have

(P +m)rr AG (x) = 0.

Equations (7a) and (7b) are similar to (1a) and (1b) with
respect to the spinor indexes § and 7; therefore, we have
[refer to (2) and (3a) and (3b)]

(7a)

(7b)

Af (x) = (i C + Dy Cy) 5 A (), (8)
with A¥"' (z) satisfying the equations below:
(O - m2) 4" (z) = 0

(Val/: 1727374)3 (9&)

Solution to the Rarita—Schwinger equations

9, A" () = 0. (9Db)

Substituting (8) into (6b) and applying the independence

of the matrices v,/C and X,,»C, we obtain

9, A" (z) = 0. (9¢)

If (8) is substituted into (6a), one obtains the same

one as (9a). Combining (5) and (8), ¥, gs-(r) can now be
expressed as

Wa/g&—(.ﬁ) = (im%C + ZJWCaN)aB

X (imYy C + 2, Cyr)s. AV (). (10)
The right hand side of this expression is symmetric both
in @ and 3, and in § and 7. In order to make sure that this
expression is completely symmetric in all the four indexes
a, 3, § and 7, we require that the contraction of ¥, g5, ()
with the three independent antisymmetric Dirac matrices
C~1, C~'y5 and C~'vs57, with respect to the indices 3
and J vanish, namely

Wagsr (£)(C™1)gs = 0, (11a)
W5 ()(C ™ y5)p5 = 0, (11b)
Wapsr(2)(C™ M 570)p5 = 0. (11c)

These, as shown below, will yield some new conditions.
Expanding (10) and substituting it into (11a) and (11b),
using the formulas for the products of v matrices and using
(9b) and (9¢), (11a) and (11b) become

(O —m*) A" (z) + i(—m>) A" (2) X, =0,
(O +m?) A" (z) + %(+m2)(AW’ (z) — A" (2)) D0

+ 2mad, A" ()7,
+ 2maw,,/>\8u AVV/

(12a)

(z)ysya = 0. (12b)

By the independence of the vy matrices, (12a) is equivalent
o (9a), but (12b) yields new conditions. The first two
terms of (12b) give

(O +m?) A" (x) = 0, (13a)
(O 4+ m?) (A" (z) — A”"V (z)) = 0. (13b)
On the other hand, (9a) can be rewritten as
(O —m?) A" (x) = 0, (14a)
(O —m?) (A" () — A" (x)) = 0. (14b)

Combining these four equations yields the following two
conditions:

A (z) =0, A" (z)=A""(xz). (15)
The last equation of (15) indicates that A" (z) is sym-
metric in v and v/. From (15), it is easy to see that the
last two terms of (12b) vanish. Similarly, by further using

(15), (11c) gives (O — mQ)AW’(x)% = 0, which is again
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equivalent to (9a). Collecting all the results above, we ob-
tain

!pa/&ST (l‘) = (im/quC + 2#1111 Caﬂl )aﬁ (16)
X (imY, C + X150, C0py )5, A2 ()

with A**2(z) the second rank tensor fields that satisfy
the following K-G equations:

(0 — m?)A¥ve
By, AT () = 0,

2.1.3 Spin 3

The B-W equation for spin 3 reads

(@ +M)arat V! 81 anpaasss (T) = 0, (18a)
(P + m)ﬁlﬁl%lﬁlamagﬁg (z) =0, (18b)
(P + m)aza2 a1fragBaasfs (z) =0, (18c)
(2 +m)g,8,%1 p102805: (€) = 0, (18d)
(P + m)(XBaéWalﬁla262a3B3 (z) =0, (18e)
(2 +m)g,5,%1 prazB2058 (1) = 0, (18f)

where ¥y, 8, a,8,058: (T) is a completely symmetric multi-

spinor of rank 6. In exactly the same way as used in the

case of spin 2, (18a)—(18d) result in

Va1 BrazfaasBs (z) = (im’YmCJerVlcam)algl (19)
x (im,,C+X, zl/zoauz)azﬂz ARG (),

aszf3

with A7'"2 (z) satisfying the equations below:

(O —m*) ALz (x) = 0, (20a)
d, Azl;gg(x) 0, 9, A;l;’;g( x) =0, (20Db)
asﬁs(x) 0, (20c)

A2 () = A (x) (20d)

Substituting (19) into (18e) and (18f), and with the aid of
the independence of the matrices v, C and X, C, we have

(@+m)a3a§Azl%23( ) =0, (@+m)535"4a35’( ) =0.
(21)
Again, they are similar to (la) and (1b) as far as the
the spinor indices a3 and (3 are concerned; furthermore,
o, BrasBasBs () 18 symmetric in a3 and B3, thus we have
[refer to (2) and (3a) and (3b)]

Adyg, (@) =

(im7y,, C + X150, COpy ) Arrevs (), (22)

azfs

with A¥172¥3 (1) satisfying the following equations:

(O —m?)A¥2¥5 () = 0
Oy A2 () = 0.

(V17V23 V3 = 172a374)7 (23&)
(23D)

Solution to the Rarita—Schwinger equations
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Substituting (22) into (20b)—(20d), and utilizing the in-
dependence of the matrices v,C and ¥,,C, it is found
that

Oy, A28 (1) = Oy, AVT2V3 (1) = 0, (23c)

AV (z) = (23d)

Arevs () = AV2iVe (). (23e)
Combining (22) and (19) yields

3
Wa1ﬂ1a2ﬁ2a3ﬁ3 H (imy, C + Livs Caﬂi)aiﬁi

x AV1V2Vs (g5). (23f)

The right hand side of this expression is symmetric both in
a1 122, and in az and fs; in order to gurantee that this
expression is completely symmetric in all the six indices
aq frasfBaai3 B3, we further require that the right hand side
of (23f) is also symmetric in agfza3/03 and this is true
if the contraction of (im7y,,C + Xy,0,C0y,),, 5, (im0, C
+ X115 COpy ) asps X AY172V3(x), with the three indepen-
dent antisymmetric Dirac matrices C~!, C~lv5 and
C~'y5vx where the indices 82 and as are concerned van-
ish, namely

(im,, C+X,1,0, Ca“'?)azﬁz
x AV172Y3 (1) (0O gyay = 0,

(1mY, O+ X0, €O )y 5, (MY C+ 250, OO, )
x AV17273 (1) (O 5) gy = 0,

(1m0, C+ X0, COuz) o, 5, (MY O 2150, COy )
X AV (2)(C 71572 ) paag = 0.

These equations are analogous to (11a)—(11c) and thus
can be expanded in a similar way. The results are that
only the second equation yields two new conditions

(im’ylls C+EH3 v3 Caﬂs )

aszf3
aszfs

aszfs

AN (x) =0, ANV (z) = AV (x). (23¢)
Thus we have for spin 3
3
Yo, 8102 Bz (T H (im,,C + X, Cam)ai@i
i=1
X AT (), (24)

with A*1%2¥3 (z)the third rank tensor fields that satisfy the
following K-G equations:

(O _mQ)AVlVZVB( ) =0, (v1,v2,13=1,2,3,4), (25a)
Oy, A2 () =0, 9, A" (x) =0,
Oyy A2 () = 0, (25b)
A"V () =0, AnYY(z) =0, (25c¢)
AV1V2V3(17) — AVQVIVS(I),
ARV (1) = AMRVR(g). (25d)
2.1.4 Arbitrary integral spin n
The B-W equation for spin n reads
(a + m)alallw 16104252'“@71571 (x) = O’ (26&)
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(2 +m)p,6, Y1 p10260np, () = 0. (26b)

Extending the procedure used to deal with the B-W equa-
tion for spin 1, 2 and 3, it is not difficult to find, by the
induction method, that the B-W wave functions for spin
n take the form

n
Walﬁlazﬁz Otnﬁn H lm’yvic+ Eﬂi”icaﬂi)aiﬁi
1=1

XAV (), (27)

with AY*¥2¥n (1) satisfying the following K-G equations:

(O —m?)A"v2 Ve (g) = 0 (28a)
(v1,v2, -+ v = 1,2,3,4),
Oy, A2 i (1) = (28Db)
(i=1,2, ,m),
AT (x) =0, (28¢)
ATl (p) = ATV () (28d)
(i=1,2,--,n—1).

2.2 The B-W and R-S equations for half-integral spin
2.2.1 Spin 3/2

The B-W equation for spin 3/2 are

(@ + m)oza’wa’ﬁp(l') =0, (29&)
(P +m)ppWap () =0, (29Db)
(P +m)ppWapp (z) =0, (29¢)

where W,5,(x) is a completely symmetric multispinor of
rank 3 and can be expressed as [13]

Pagp(z) = (im7,C + 2, CO,) .5 ¥ (2), (30)
with ¥}/ () the vector-spinor satisfying the R—S equations

(the spinor index p is to be suppressed)

(O —m?)W"(x) =0, (31a)
0¥ (z) =0, (31b)

(@ +m)P” (x) =0, (31c)
7P (x) = 0. (31d)

2.2.2 Spin 5/2
The B-W equation for 5/2 spin reads

(a+m)aa’w '35Tp\ T

N~

(z)=0 )
(P +m)ppWapsro(x) =0, 32b)
(P +m)ssWapsrp(x) =0, (32¢)
(P +m)rrWapsrp(x) =0, (32d)
(ﬁ =+ m)pp’ afBdTp’ (l') O, (326)

Solution to the Rarita—Schwinger equations

where ¥, 357,(x) is a completely symmetric multispinor of
rank 5. Comparing (32a)—(32d) with (4a)—(4d), it is easy
to see that they satisfy the same Dirac equation with re-
spect to the indices a3d; furthermore, ¥, g5, ,(x) is sym-
metric in aB0T; therefore, by using exactly the same pro-
cedure which results in (16) and (17a)—(17d), we obtain

Pagsrp(x) = (imyy, C+2,0, COy, )aﬁ

X (imYu, C+ 2000, COpy ) 5. W 2 (), (33)

with ¥}172(z) satisfying the equations below:
(0 — 2 (@) =0, (34a)
81/1@51% (m) = 07 8V2g/glu2( ) = 07 (34b)
v (z) =0, (34c¢)
v (x) = U2 (x) (34d)

Since ¥}'2(x) also satisfies the Dirac equation with re-
spect to the index p, substituting (33) into (32e) yields

(imy,, C + DY Caﬂl)aﬁ (im'VVQC + Xavs Cauz)aq—
x(9+ m)pp’w;;/lyz (x) =0;

by virtue of the independence of the v matrices, this equa-
tion gives
(@ +m)pp ¥y (x) = 0.

On the other hand, the right hand side of (33) is sym-
metric in the indices aB07; in order to make sure that
this expression is completely symmetric in all the five in-
dices aBdTp, we further require that the right hand side
of (33) is also symmetric in the indices 07p. The condition
for this requirement is that the contraction of the part of
(imy, C + X150, C0py ) 5 W72 (x) in (33) with the three
independent antisymmetric Dirac matrices C~1, C~1n;
and C~!457, where the indices 7 and p are concerned
vanish:

(34e)

(im'yl/zc + Euzl/z Caﬂz)(ST Wpyly2 (x)(c_l)‘rp = Oa

(35a)

(im7,,C + DI Cauz)(;f ![,;/1112 () (07175)Tp =0,
(35Db)

(im0, C + X1y, COpy ) 5, W2 (x)(Cflfyg,'y)\)Tp =0.
(35¢)

Expanding (35a), (35b) and (35c) and using (34b)—(34e),
with the index p being suppressed, we have

Vo (P +m) W2 (z) =0, (36a)
—2my, W2 () + VYoo (@ + m) U (Z‘) =0, (36b)
(2 +m) w2 (z) = 0; (36¢)

both (36a) and (36¢) are equivalent to (34e), and the last
term of (36b) vanishes while the first term gives

T2 () = 0. (34f)
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Combining all the results above, we obtain plane waves:
WaﬁéTp(x) = (im’}/mc + Eull/l Caﬂl)aﬁ (37) Avive (I) — / d4k4 eikmAu1u2 (k) (42)
X (1m0, C + Ly Cyy )5, W52 (), (27)
with W12 (x) a second rank tensor-spinor satisfying the Substituting this into (17a) yields
i(:llll)(;)v;!ézsgegis equations (with the spinor index p being (k% +m?) A2 (k) = 0. (43)
(O 2)grive(z) = 0 (380) By virtue of x§(z) = 0, A¥**2(k) can be written as
-m x) =0, a
8V1LDU1V2 (SC) — 0’ ay2wu1V2 (17) — O7 (38b) A2 (k) = 6(]412 + mQ)B”1”2 (]{1) (44)
vv ].
v (z) =0, (38¢) = —[6(w — ko) + 6(w + ko) B"2 (k),
W (2) = 0 (a), (384) °
(@ +m)w"¥2(z) =0, (38¢) where k = (k,iw) and @ = (k2 + m?2)!/2. Inserting (44)
W2 (z) = 0. (38f) in (42) and integrating over ko gives
A2 () = / dBiki (45)
2.2.3 Arbitrary half-integral spin (2m)* 2w
ik-F—icot viva (T, 7il::‘-77+iwt viva( 1.
The B-W equation for spin n + 1/2 are x [e B (k@) +e B (—k, —=)],
(9 +m) v () = 0 (392) or in discrete form with a simplified notation
araf FaiBrasfaanfnp - Y%
1 oo o
.. Avive (ZC) _ [&ul Vo (k)e”“ + bvl 12 (k)eilkm],
(@ +m) 6,6, Yor ra82-ansp(x) = 0, (39b) Z,;: V2wV
(a+m)pp/ a1frazBzanBnp’ (z) = 0. (39¢) (46)

Extending the procedure used to deal with the B-W equa-
tion for spin 1/2, 3/2 and 5/2, it is not difficult to find, by
the induction method, that the B-W wave functions for
spin n + 1/2 take the form

n
Wa151a2ﬁ2“'0&uﬁn9($) = H (lm’yVJC + Zﬂjl’j Caﬂj)ajﬁj
j=1

XWTn (g), (40)

with yirvzn () arank n tensor-spinor satisfying the fol-
lowing R—S equations (with the spinor index p being sup-
pressed):

(O — m?) P vz vn(g) = 0, (41a)
8yikpyly2"'yi""/"’ (x) =0

(i=1,2,-,n), (41b)
grrr(z) = 0, (41c)

VLT () = PR ()
(i=1,2,---,n—1), (41d)
(9 + m)E v (z) = 0, (41¢)
Y PP Tn (1) = 0. (41f)

3 Solution to K-G equations
for arbitrary integral spins

3.1 Spin 2

In order to solve the K—G equations for spin 2, namely
(17a)—(17d), we begin with A*1*2(x) being expanded in

-, -,

where a*¥2(k) and b*1*2(k) are corresponding to positive
and negative energy solutions respectively. Substituting
(46) into (17b)—(17d), we obtain the equations in momen-
tum representation:

Fia?2(k) =0, ) ka2 (k) =0, 0
ku1bV1V2 (k) =0, ke prive (k) =0,

a’(F)=0,  0(F)=0, (47b)

a2 (k) = a" (R), (k) = b (k). (470)

Utilizing ke (k) = 0, the solution to (47a) could be ex-
pressed as
a2 (k) = e (k)es? (k)a x, (K),
(M, A2 =1,0,-1),
b (k) = €5, (k)es (b3, (F),

(48a)
(48b)

—

where ay,x, (k) and b;AQ(I_@") need to be further deter-
mined, while €5 (k) are the eigenstates of the helicity op-

e
crator S - (k/|k|) with eigenvalues A = 1,0, —1, namely

F cosf cos ¢ + isin ¢
v o _ L | Feosfsing —icos¢
eha(k) = V2 +sinf ’
0
(w/m)sin b cos ¢
B 0 i
et () = (w/m) sin fsin ¢ (492)

(w/TIL) cos @
i[k|/m
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(6, ¢ are the direction angles of k) and

e (k) = gun (e’;(E)) . gup = diag{1,1,1,—1}. (49b)
In the rest frame, k= 0, eX( I;/: ) is simplified to
0
1 0
v O -
e+1( ) \/5 1 3
0
1 —i
Y,(0)=— 50
e—l( ) \/§ 0 ’ ( )
0

which are the eigenstates of S, with eigenvalues 1,0, —1

e (k) and €% (0) can be connected by a Lorentz transfor-
mation,

eX(k) = L™ e (0) (A =1,0,-1), (51)

with

L — efiS;g(i)efiSQ@eEKg; (52)

the explicit matrix form of this Lorentz transformation is
given in Appendix A. Substituting (48a) and (48b) into
(47b) gives

; (53)

Utilizing (51) and noticing that L***L*"2 = §,,,,, (53)
can be rewritten as

&%, (0)eX, (0)ax, x, (k) = 0,
&%, (0)eX, (0)b (k) = 0.

Now we focus on the solution to (54a); the solution to
(54b) will be obtained in the same way. Equation (54a) in-

(54a)
(54b)

dicates that ax, , (k) is related to the two magnetic quan-
tum numbers A; and A2 (A1, A2 = 1,0, —1). Recalling the
Clebsch—Gordan coefficients for the coupling of two spin-1

-,

angular momenta, a general candidate for ay, x, (k) is

axe (B) = > (1, A5 1, Ao|1, 1,2, m)agm, (k)

) TG L AL 1L m @ (F)
+ (1, A1: 1, X2|1,1,0,0)ago(K),

(m = 27 1703 _17 _27 ml = 170’ _1)’ (55)

with (S1, A1; 52, A2| ST, SQ, S, m) the Clebsch—Gordan coef-

ficients for the coupling S = Sl + 52 (§1=5,=1,8=
2,1,0). Let
eh?(0) = > XL (0)es2 (0)(1, Ai; 1, Aal1, 1,2,m)

A1 A2

Solution to the Rarita—Schwinger equations

(m=0,+1 i2) (56a)
enrz(0)=> e Y1, A1, A1, 1,1, m/)
A1
(m' =0, j:l) (56b)
e (0) = > et )(1, 151, A2l1,1,0,0),
A1 A2
(56¢)
then (54a) takes the form
b (0)azm (F) + €4 (0)arm (K) + bt (0)ago (k) = 0. (57)

With the aid of (50) and the explicit expression of (56a),
(56b) and (56¢) listed in Appendix B, we find

esr(0)=0 (m=2,1,0,—1,-2), (58)
v (0)=0 (m' =1,0,-1), e§y(0)=—V3.
Substituting (58) into (57) gives
ago(k) = 0; (59)

thus (55) is simplified to

axns (B) =Y (1, A151, A2[1, 1,2, m) agm (k)

m

+Z<1a)‘1;17A2|1’1717m/>a‘1m'(E)' (60&)

In exactly the same way, the solution to (54b) has the
form

b (B) =) (1, A5 1, A1, 1,2, mb, . (k)
m
+> (1AL Xe[1, 1,1, m)b],, (K). (60b)
On the other hand, the condition (47¢) leads to
an, (k) = anon, (F), bF () =b1 (k);  (61)
however,
(1, A1;1, 22|11, 1,2,m) = (1, Ag; 1, A11, 1,2, m), (62a)

<1, Al; 1, )\2|1, 1, 1,m’> = —<1, )\2; 1, /\1|1, 1, 1,m/>; (62b)

substituting (60a) and (60b) into (61) and with the help
of (62a) and (62b), we have

v (k) =0, b (k)=0; (63)

therefore (60a) and (60b) are simplified to
axx, (k) = Z (1, A3 1, 20]1, 1,2, m)agn (k),  (64a)
b (F) =D (LA L A2l1,1,2,m)b], (K),  (64b)

m
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and (48a) and (48b) become correspondingly with
a2 () = e (Ryaz (F). a2 (k) = e (R)ass, (),
Viva (1 — Vs (T 7 - vt -
b2 (k) = eqr? (K)bs,, (K), (65)  privevs () = e (k)b (F), (T1a)
with et (k) = > eft (k)es (k)(1, Ars 1, A21,1,2, Ara),
- - - At s
e (k) = eXt(k)es? (k)(1, Ax; 1, Aal1,1,2,m) (A2 = 2,1,0, -1, -2). (71b)
A1z
(m=2,1,0,—1,-2), (66a) Substituting (70) into (69c)—(69¢) yields
and ky,a” 7?3 (K) = 0, Ky, b"17273 (k) = 0, (72a)
_y - * vy E _ 0, pravy E — 0’ 72h
12 F) = G G (e () (66b) (k) e (720)
aVlVQVS(k) = q¥1v3v2 (k)
Substituting (65) back into (46), omitting the index 2, we B1vavs (k) = b2 (). (72¢)
obtain
Z 1 { ~ o The solution to (72a) could be expressed as
Avivz (1’) _ - am(k) 1282 (k)elka:
g vy a2 (F) = e07 (R)eSs (R)anion, (F),
+b), (ke Vl”Q(k)e—ikrEe—iﬂ, (67) bvevs (k) = et (k)ess (k)b y, (k). (73)
with (using the Wigner formula for the Clebsch-Gordan Substituting (73) into (72b) results in
coefficients) o R R
6A112 (k)eA3 (k)aAu)\s (k) = 0’
1 - - -
- - - viv v + —
By = S BRI+ Aeem)  (68) s (K)eX, ()b, (k) = 0, (74)

A1 Az=—1
o 2+m)!(2—m)!
6(1+ AL = AD)IL 4+ A2)!(1 = Ag)!
Consulting the Clebsch—Gordan coefficients listed in Ap-

pendix B, this expression is in agreement with that derived
by Chung [1], (39a)—(39c).

3.2 Spin 3

The K-G equations for spin 3 [(25a)—(25d)] could be re-

written as

(O — m?) A2 (g) = 0, (69a)
B A2V (1) = 0, 8, A2V (z) = 0,
AVIV2Y3 (1) = AV2V1V3($)’

(z)
()
(z)
AI/VI/3(:E):
()
()
()

0, (69b)

Oyy A2 () = 0, (69c¢)
AN (z) =0, (69d)
ANV3 () = A2 (). (69e)

Utilizing the procedure performed in the above section for
spin 2, we can write down from (69a) and (69b)

AV1V2V3 (.’L‘ —

B ; V2wV

> [avlygug(k’)eikz _|_bu11/21/3(];_’)efikm]7

(70)

which can be rewritten with the aid of (51), (71b) and

v =6, as

; (75a)

eillg(())ex3 (0)0’/\12/\3 (E) =
k (75b)

eXin (003, (0)b3 5, (F) =

Equation (75a) indicates that ax,,, (k) is related to the
two magnetic quantum numbers A1 and Az (A2 = 2,1,0,
—1,—2,A3 = 1,0, —1). Recalling the Clebsch—Gordan co-
efficients for the coupling of two angular momenta with

spin 2 and 1 respectively, a general candidate for ax,,x, (k)
is

(ONPI (E) = Z <27 >‘12; 17 >\3‘2a 1, 37 m>a3m(];;)

m

3 (2, 25 1, A2, 1, 2,1 ) ag ()

+ ) (2 251,432, 1,1, Yagme (K)  (76)

m’’

(m = 37 2a 1a 0) _17 _25 _3,
m' =2,1,0, -1, —2;
"'=1,0,-1).

Let

s 0) =

>

A12,A3

€12 (0)eX? (0)(2, A2 1, As]2, 1, 3,m),

(77a)
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VivaUs _ viv2 V3 . !
Com/ (0) - Z €)is (O)e)\3 (O)<2’ )‘127 la )‘3|27 1, 2a m >7
A12,A3
(77b)
ez (0) = Z ex 2 (0)ex? (0)(2, Ai2; 1, A32,1,1,m”),
A12,A3
(77¢)
then (75a) takes the form
€5 (0)asm(k)+ey,,)" (0)azy (k)+eiy (0)aim: (k) =
(78)

With the help of the explicit form of (77a) and (77b) which
are listed in Appendix C and the following relations de-
rived from (50):

e7(0)er (0) = eZ,(0)eZ,(0) = eg(0)er (0)
= €1(0)eg(0) = €2, (0)eg(0)
= ¢5(0)eZ,(0) =0,

e (0)e”1(0) = €2, (0)ey (0) = —1,

we find
e (0) =0 (m=3,2,1,0,—1,-2,-3),
612/;71:’”(0) = O ( - 23 17 0) -4, _2), (79&)
5
Substituting (79a) and (79b) into (78) yields
@ (F) =0 (m" =1,0,—1); (80)
thus (76) is simplified to
AX1oN3 (E) - Z <27 )\12; ]-a )‘3|2> ]-7 37 m>a3m(E)
32, M25 1, M52, 1,2, m Yagg (K). (81a)
Similarly, (75b) leads to
bYone () = > (2, M12:1, As[2, 1,3, m)bg,, (k)
+ Z 2 )‘1271’)‘3|27172 m >b2m’(E)a (81b)
On the other hand, the condition (72¢) requires
AX12)3 (E) = AxgA1z (E) b/\12/\3 (E) bi_g)\lg (E)7 (82)
however,
(2, M12:1, X302, 1,3,m) = (1, \3;2, A12|1,2,3,m),  (83a)

<2, )\12; ]., >\3|2, ]., 2,m/> = —<].7 )\3; 2, )\12‘1, 2, 27m/>. (83b)

Substituting (81a) and (81b) into (82) and with the aid of
(83a) and (83b), we have

agme () =0, b, (k) =

Solution to the Rarita—Schwinger equations

(m' =2,1,0,-1,-2). (84)
Therefore, (81a) and (81b) are simplified to
axpne (K) = Z (2, M2: 1, As[2, 1,3, m)azm (k),  (85a)
Daiars (K) = Z (2, M2:1, As[2, 1,3, m)bg,,, (K),  (85b)
and (73) becomes correspondingly
@155 (R) = 52 (Rag (),
bV (k) = et (k)bd,,, (k). (86a)
with . ~ .
e (k) = > et (k)es? (k)
A12)3
X <2,)\12;1,>\3|2,1,3 m> (86b)
EE (R) = Gunyin GuasaGoass (it (F) )
( _37271707_ 7_27_3)7 (86C)

and the wave function for spin 3 takes the final form (omit-
ting the index 3)

AViv2vs (SC —

1 7 1/11/21/3 N\ Aikx
Z \/ﬁ[anb(k) (k)e
+ by (F)ens s (ke o], (87)

where (using the Wigner formula for the Clebsch—-Gordan
coefficients)

e ()
1

= Y (ke (k)ess (K)3(M + Az + Ag,m)
A1, AoAg=—1
y (3+m) B-—m)! (s8)
90 H (14 2)!1(1 = X)!

Comparing the Clebsch—Gordan coeflicients listed in Ap-
pendix C for this expression with those derived by Chung
[1], (40), one finds they are in agreement with each other.

3.3 Spinn
As an extension of the results for spin 2 and 3, the solution

to the K-G equations for integral spin n, (28a)—(28d),
could be expressed as

Aull/Q'"Vn Z \/7 (E) viva.. l/nkelkl
+ b+ (k;) G2 Vn T —ika] (89)
where m =0,£1,+2,--- +n,
1 n n—1
eptvzn( Z He X k <i,)\1 + Ao

Ni=—11i=1 i=1
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ST PYRTARES PYEPIEIp Ty

1

>

5()\1+)\2+)\n,m)

)\1)\2”-/\”:*1
n 1(n — m)! n -
| 2lnrmlnmml 1y gy (90a)
(2n)! TT (1 + X)L — Nl i=1
i=1
éfﬁw”'y"(]g) = Gvipa Guaps * " Gunpin (e%#Q-.-Ml(E)) :
(90Db)

This conclusion could be straightforwardly proved by the
reduction method. We will not express the details here but
only outline the main points. With spin increasing from
n — 1 to n by one unit, three new subsidiary conditions
are added to the K—G equations for spin n. These are
the Lorentz condition 9, A¥**2""¥n(z) = 0, the traceless
condition A¥n=1n(z) = 0, and the symmetric condition
A tn—1vn () = A ¥n¥n-1(g). The Lorentz condition leads
to a coupling between spin-n—1 wave functions and spin-1
wave functions, which results in three classes of different
total spin wave functions, namely wave functions for spin
n, n — 1 and n — 2. The traceless condition removes the
spin-n — 2 wave functions and the symmetric condition
removes the spin-n — 1 wave functions. Thus only the spin
n wave functions, corresponding to the maximum possible
spin, are kept in the final expression of the solution.

Following Chung [1], expression (90a) can be rewritten
in a more closed form as

T (n+m)l(n —m)! )
ViV Un k — 2m0/ 91
ey = R 5 o
mo
my my+mo my+mo+m_
<Y A lerk) IT ) I ey,
P =1 Jj=my+1 k=mi+mo+1

—.

where m4 stands for the numbers of e, (k)’s and my for

-,

eg(k)’s, and their values are

my +mo+m_=mn, my—m_=m,
— 1,3,5,-+- ,n—m (for n —m = odd),
0 0,2,4,--- ,n—m (for n —m = even),
mizi(nﬂ:m—mo).

The first sum in (91) goes over the allowed values of mg
given n and m, while the second sum in (91) represents a
summation on the permutations

my my+mo my+mo+m_
et I evte) 11 (k)
i=1 j=m4+1 k=m_+mo+1

The equivalence between (90a) and (91) is clear if one
notices

ﬁ (14 A1 — Al = 2msFm-

i=1
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4 Solution to R-S equation
for arbitrary half-integral spin

4.1 Spin 3/2

In this section, the R—S equation for arbitrary half-integral
spin is to be solved. For the simpler case of (31a)-(31d),
utilizing the familiar wave function for spin 1, we have
first from (31a) and (31b)

(@) = < 3 [ e @ + @ e ],

(92)
with p = (,iE) and E = (p + m?)'/2. Substituting (92)
into (31c) yields

(i #+m)ax(p) =0,
(=i #+m)b¥ (5) =0,

which are the well-known Dirac equations for spin 1/2,
and their solutions are

(93)

ax(p) = ur(P)ax (p), (r = 1 —;) , (94a)

2’
by (B) = vr (D)3, (P),
or(P) = y2(ur(p))",

where u,.(p) and v,.(p) are the positive and negative energy
spinors respectively and can be expressed as

W) = Aur0)y [ ) = A0, ()

(94b)

with
A= e—i23¢/26—i229/26a35/2, (96)
and
1 0
0 1
Ul/z(o) = ol U—1/2(0) = 0 ;
0 0
0 0
0 0
v1/2(0) = E v_1/2(0) = BE (97)
-1 0

which are positive and negative energy spinors in the rest
frame. Inserting (94a) and (94b) in (92) yields

(@) = 2= 3 [ @ o (e

+ex@)vr (DY, (B)e ™| (98)
Substituting (98) into (31d), we have
Ywex(B)ur(P)ax,(p) = 0, (99a)



618 Huang Shi-Zhong et al.:

wex(@)o- Py, (p) = 0.

Utilizing €4 (p) = guu(eX (D))", 127572 = gouyn and v (p)
= you,(p)*, it is easy to show that (99b) is equivalent to
(99a); thus we will focus on (99a). With the aid of (51)
and (95) and noticing

(99b)

e =6, Ay A =Ty, (100)
(99a) can be rewritten as
vvex(0)u,(0)ax,(p) = 0. (101)

Equation (101) indicates that ay ,(p) is related to the two
magnetic quantum numbers A and r (A = 1,0,—1; r =
1/2,—1/2); recalling the Clebsch—Gordan coefficients for
coupling a spin-1 angular momentum to a spin-1/2 one, a
general candidate for ay ,(p) is

1 13
ax,(P) = Z <1,/\;2,7’ L35 >a3/27m(v
1 11
+ ; <1,)\ 5, ]., 5, 5, >a1/2,m/(mv (102)

where m = +£1/2,+3/2,m' = +1/2.
Let

U3/2mm Zexﬁ)uvﬁ)< % 1,;,2,m>,
(103a)
1/2m/17) Zex ﬁ)ur:ﬁ)< % 1a;a;,m/>v
A
(103b)

then (101) takes the form
U3 19,m (0)as/2,m D)+ U ja i (0)a12,ms (9) = 0. (104)

The explicit expression of (103a) and (103b), after the CG
coefficients have been calculated, is

U§/2 3/2(13) = et (P)u1/2(p),

Us)o1/2(P) = \/76-5-1 (P)u—1/2(P) + \/7 o (P)u1/2(p),

U)o, _12(P) = geg(ﬁ)u_l/g(ﬁ) + \/gelil(ﬁ)ul/Z(@a
U3/2 3/2(17)—@ 1(P)u— 1/2(17)

U1/2 1/215) \/76+1 (P)u—1/2(p) — \/7 (P)us2(p)

Ul)a,—1/2(P) = *eo(ﬁ)u 1/2(17)+\/;6 1(P)u1/2(p).

With the aid of the following relations, which can be de-
rived from (50) and (97):

Yveq(0)ur/2(0) =0,

Solution to the Rarita—Schwinger equations

ey (0)u_y/2(0) = 1\[75U1/2( )s (105a)
Yveg (0)ug/2(0) = —iysug/2(0),
Yo (0)u_y/2(0) = ivsu_y/2(0), (105b)
Ywelq (0 >U1/2(0> _1\[7571 1/2( ),
Ve 1 (0)u_1/2(0) = (105¢)
we find
va?,”/z,m(O) =0 (m = i%, i;’) , (106)

1
WU 3 (0) = VB30 (0) £ 0 (m’ _ i) .

Substituting (106) into (104) gives
al/g,m/(ﬁ) = O, (107)

and (102) is thus simplified to (omitting the index 3/2 in
a3/2,m(ﬁ))

1
o) = (1% 5.7

13
1,2,2,m> am(ﬁ) (108&)

Similarly, (99b) leads to

1 13
b;\"—,’r'(ﬁ) - <1,>\;2,T' 172a27m> b;(ﬁ) (108b)

Inserting (108a) and (108b) in (98), we obtain

LPV(CL') = % Z [am(ﬁ)[]%(ﬁ)eipx + bxl(mvnz(ﬁ)e—ipx 7

h (109)
=S S AP0 (1100
A=—1r=—1/2

ety

314+ M)I(1 — A)! (; +7~>! (; —7“)!
Vi (p) = /\—i—l T_ﬁp ex(@)vr(P)3(A +r,m)  (110b)

[ EE

314+ \)I(1 — A)! (; +7")! (; —7")!

4.2 Spin 5/2

The R-S equations for spin 5/2, (38a)—(38f), might be
rewritten as

(@ —m*) P2 () =0, 9,9 (z) =0,
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0y, "2 (x) = 0, (111a)
yrr(z) =0,

g (g) = w2 (1), (111b)

(@ +m)w""2(z) =0, (111c)

%P2 () =0 (111d)

Equations (111a) and (111b) could be solved in the
same way in which (17a)—(17d) are solved; therefore, we
have

W””Q(aﬁ)
— 1 viv2 ipx b 22 —ipz
B \/VZ[a/\lz(ﬁ)e)‘lz (P)e™*+ Alz(meAm (]7)8 ]’

p

(112)

where

u1u2
e (P) = Z%

13') (1, A151, A1, 1,2, A1a),

A1
(113a)
éill;jz (D) = Gvipr Gvrpio (elﬁ? (ﬁ))*
(A2 = 0, £1,+2). (113b)
Substituting (112) into (111c) gives
(i p+m)ar,(p) =0, (=ip+m)by, (@) =0. (114)

These are again the Dirac equations for spin 1/2, and their
solutions are

O (ﬁ) - uf’(ﬁ')aAwW (]7)3

(r = %, —;) , (115a)
bx 17) vr(P)B3,, . (D)

Inserting (115a) and (115b) into (112) yields

e a ‘¢*ZF%MM@MW@Ww

A @0, @e ] (16)
With this expression, (111d) becomes

wesss (B)ur(F)ax,, »(F) =0, (117a)

e (P (p)vy,, () = 0. (117D)

Utilizing (51), (95) and (100), (117a) can be rewritten as
Wwexss (0)ur(0)ar,, »(p) =0,

where ay,, »(p) is related to the two magnetic quantum
numbers A1z (A2 =2,1,0,—1,—2) and r (r = 1/2,-1/2),
recalling the Clebsch—Gordan coefficients for coupling a
spin-2 angular momentum to a spin-1/2 one, a general
candidate for ay,, (p) is

> )\12» 712, %7

m

(118)

5
a)xnﬂ'(ﬁj = §7m>a5/2,m(m
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m/>a3/2,m/ (ma

l\D\»—l
N W

+ Z (2, M12;1/2, 72,

1 1
m:ﬁ:f,ié,jzé; m =4t 13 (119)
27279 272

Let
viba V1V2 15
U5/2m ﬁ) ZBAM m’u’?" ﬁ)<2 )\1271/2 7"‘ 5 5 m>,
)\127‘
(120a)
1 ZR2) IJ1V2 2.\ 9 1 3 ,
3/2,7,1/ Ze/\lz (P)ur(P)(2, A12; 1/2,7(2, St ,m'),
A12’I"
(120b)

then (118) takes the form

WUy 3 1 (0)as/2,m (B) + 1 Ug)3 0 (0)az j0,ms (B) = 0.
(121)
With the aid of (105a)—(105¢), a straightforward calcula-
tion gives

Vs - 3 /5
U5/2m( )—0 (m—:‘:Q,iz,iZ),

(122a)

1 3
B e 122b
(= 45.43) (1220)
Substituting (122a) and (122b) into (121) gives
G3/2,m/(]7) = 0. (123)

Thus (119) is simplified to (omitting the index 5/2 in
as/z,m(ﬁ))

a)\lg,f’(m = Z <2a )\12; 1/27T

m

15
2, 5, 57 m> am(ﬁ) (124&)
Similarly, (117b) leads to

1
b;z,r(ﬁ) = Z <27)\12; 577‘ 2

Substituting (124a) and (124b) back into (116), we finally
obtain

1
727

Z,m> bt (p). (124b)

W“W()=*§§§;[mMmUﬁw@%mw
@V @e |, (125)
with
U ()
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2,5 50m)
2°2
1/2
Z Z ext (p)ex: (P)ur (P)d (A +Aa+r, m)

A, de=—1r=-1/2
§+m | §_m |
2 “\ 2 ’

30(14+A0)! (1= A1) (1420) (1—-Ao)! (%-l—r)!(f—r)!’

vy 1
=D e (@)un( <27>\123 307

)\127’

(126)

X

and
Vi (p)
140% 1
Z é>\1122 17)1}7“ ]5) <27 A12; 577'

/\127‘

(127)

15
2. - =
72727m>
1/2

S & @ @ @ atrm)

A Ade=—1p=—1

4.3 Spinn +1/2

Finally, the R-S equations for half-integral spin-n + 1/2
(41a)—(41f) are to be solved. The first four equations,
(41a)—(41d), which are similar to that for spin n [refer
o0 (28a)—(28d)], lead to an intermediate result:

fZ [ Do (e

e B (e,

where M = 0,+1,42,--- ,%n, e}/ " (p) and ey} "
(p) are the wave functions for an integral spin n and take
the forms as expressed in (90a) and (90b) or (91) except

!I/VlVQ'“Vn

(128)

that the momentum k is now being replaced by p. Substi-
tuting (128) into (41e) yields

(i p+m)an(p) =0, (=1 #+m)by(p) =0.

These are Dirac equations for spin 1/2, and their solutions
are

(129)

ay(p) = ur(ﬁ)aM,r(ﬁ)a

_1 1
7"—2, 9 .

Inserting (130) in (128) gives

bL (9) = vr (@bﬂ,r(ﬁ)
(130)

Wl/ll/Q-“l/n

\f Z [ e (P)ue(P)ans - (P)e

+57\}””'”"(ﬁ)vr(ﬁ)bM,r(@efim - (131)

Solution to the Rarita—Schwinger equations

With this expression, (41f) becomes

Ve (P)ur (P)ant, () = 0 (132a)

Wwenr” " (B)vr (B)bay, (B) = 0. (132b)
Equation (132a) can be rewritten as

et (0)ur(0)ans, (p) = 0, (133)

where ap,(P) is related to the two magnetic quantum
numbers M (M = 0,£1,+2,--- ,4n) and r (r = 1/2,
—1/2); recalling the Clebsch-Gordan coefficients for cou-
pling a spin-n angular momentum to a spin-1/2 one, a
general candidate for aar - (p) is

1
a']\/[,r(ﬁ) = Z <n7M7 iar

m

1 1
n, ia n+ ia m> an+l/2,m(m

1 1
+ Z <TL7M7 237' n, ianf 2am/> an—l/Q,m’(m
1 3 1
=4—,+—,- + =1 134
(m=tgge e (nrg)i s
1 3 1
"=t kSt (n—2)).
e e e )
Let
Uitz (D) (135a)
ViV 1 1 1
= > e @un@) (n Mg r{n s+ sm),
M,r
Uyt ot (D) (135b)

1 1 1
:Ze;}[uw-un(]g)ur(ﬁ) <TL,M;2,T n72an_27m/>7
M,r

then (133) takes the form

U::ﬁ/zy’;n( )41 /2,m (D)
+ U5 (0)an 1 /2,m(P) = 0. (136)
However,
VU Uy 1 3 1
Un+1/2m(0) =0 (m: j:§7:|:§’ 7:|: <n+2>> ,
(137a)
Vv, . 2n+1__ .0,
WUy (0) = 175\/7%2 (73 (0)#£ 0 (137b)
m/::‘:17:|:§’~~~7:l: nfl .
2" 2 2
Substituting (137a) and (137b) into (136) yields
An—1/2,m'(P) =0, (138)

and (134) becomes (omitting the index n+1/2in a,41/2,m

(P))
an () = Z <n,M; %,r

m

1 +1
n,—,n -
727 27

m> am (7). (1392)
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Similarly, (132b) leads to

1
Vi) = 3 (notigr

m

2 2

1 1
ot o ) B (1390)
Inserting (139a) and (139b) in (131) gives the final result

1 .
Priv2en r) = — am U71T/11y2<-~un elpm
() ¢V%j ?) (7

ULV @e | (140)
with

Uz ()

1 1 1
= Zeg/l[uz "'V"(mur(ﬁ) n,M;—,rin,—,n+—=,m
2 2 2
M,r
1
n -+ 5 +m
=N\ Tz onoiz Pupe(d)
—
n+ 5 —m
+ T_,_le:ﬁfl/zyn (P)u—1/2(p), (141a)
VTlrflle'“Vn(ﬁ’)
SUiVp U 1 1 1
:ZeM (P (D) ( n,M;=,r|n,=,n+ =, m
2 2 2
M,r
—
n+ 5 +m
=\ o1 Gty @)
n+ 5 —m
T\ T Omiis” P)0-12(P). (141b)

In order to illustrate these formulas, we give explicit ex-
pressions for the wave functions of spins 5/2 an 7/2. For
spin 5/2, the positive energy wave functions are

vive __ V1 V2
Us)y® = efheuya,

150% 1 1% 1% 2 1% 1%
U3/122 = \/;eﬁleflu_l/g + \/;e+1le()2u1/2
2 v1 U3
+ 560 e uy/2,
128%) 1 v U2 1 vy V2
12 = \[ 510 U-1/2 T\ £€0 C41t-1/2
1 17451 125)
+ 1—06+16_1u1/2
4 vy U2 1 vy V2
+ Eeo €9 U/l/g + T0€_1€+1U1/2,
Uz = ie”1 e u + iel’leyzu
-1/2 10 H1o-1"-1/2 100 ‘0 P12
1

+

1
1% 1% 1% 1%
1 6_116_,'_2111,,1/2 + \/;6016_21“/1/2

o

1
+ \/;e’fl ep U1 /2,

140% 2 1% 1% 2 1% 1%
U_13/22 = \/;eole_zlu_l/g + \/;6_11602’&_1/2

1
+ \/;6”11 e’ uy 2,

vive __ V1 V2
U 52 = €162 U1 /2,

and for spin 7/2, the positive energy wave functions take
on the form

vivaVs
Uzl

Uu1 1207 %:1

5/2

vival3
U3/2

UVl vaVvs __

1/2

ViVvaVvs
U—1/2

V1VaV3
U73/2

vival3

—5/2

— pV1 V2 V3
= C1fhifeity2,

2.,
— 1 v v3 vy vy V3 vy V2 v3
— \/;[eﬂeﬂeo +ellegel? 4 egtel el Jug /o

1 v 1% 1%
+ \/;eﬁlefleflul/%

1
— Vi V2 V3 Vi V2 V3 vi V2 v3
~ V9 [e+le+1e_1 +tepeel Feljehely

v1 V2 V3 vy V2 V3 vy V2 V3
+ 2e ep’ey’ + 2ep' el ey’ + 2eq'eq €+1:|U1/2

27,
1, V2 V3 vy V2 V3
+ ﬁ[e+1e+160 +teriey e

vy Vo U3
+ € eHeH}u_l/z,

/2
vy V2 U3 vy V2 V3 vy V2 V3
V35 [€+160 e’ tegee teeieg
V1 Va2 Vs vy V2 U3 vy V2 V3
+ 2ep'epey’ +elieiiey’ tegteiel
+ e el?e® |uy o + L el et e
—1-0 ~+41 1/2 +164+1€6-1

35

vy Va2 Vs vy V2 V3 vy V2 V3
+elhe? e’ +ethelf el + 2eltepeq

vy Va2 Vs vy V2 V3
+ 2eqtel ey’ + 2eq'eq 6+1:|U_1/2,

1
— Vi V2 V3 Vi V2 V3 vi V2 V3
=\3 [260 egre’® + 2egt e eg® + 2’ epeq

V1 UV U3 vy V2 V3 vy V2 V3

+epesel tejene Felje el Uy

+ 3 vy UV U3 + V1 Va2 V3 + vy V2 V3
35 €11€0° €1 T €p €56 T e 1€ 56
vy V2 V3 V1 Vo V3 vy Vo 123

+ 2eplep’ey’ +eielteg +egte? e’

v Vo U3
+ e’eq eH}u,l/g,

2
_ 1% 125} V3 v Vg V3 vy 125} V3
=/ 5[601671671 +eegre’ + e e” e’ lur o
1
21
vl V2 U3 vy V2 V3
+ 2eep’ey® +elhe e’

vy V2 V3 vy Vo V3

+ [260 ep e’ + 2eyte? e,

vy V2 V3 vy Vo V3
+ejefe + 6716716+1}U_1/2,

1 2
— Vi V2 V3 Vi, ,v2 V3
= \/;616161'11,1/2 + 7 [60 ee’’y

vy V2 Us vy V2 Vs
+ e jepe’’ +ejefe i|u_1/2,
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UV1 Val3

151 1% V3
—7/2 = 6_16_16_1’&,1/2.

The negative energy wave functions, V1¥2 and V1723,
can be listed by replacing e§ with &5 and u, Wlth vy in
the positive energy wave functions.

The main points for solving the R—S equations for half-
integral spin are as follows. With spin increasing from n
to n+1/2 by half a unit, two new equations are added to
the R—S equations for spin n+ 1/2; one is the Dirac equa-
tion (@ + m)P¥r¥2¥n(x) = 0, the other is the subsidiary
condition ~,W¥"2¥3"¥n (r) = 0. The Dirac equation leads
to a coupling between spin-n wave functions and spin-1/2
wave functions, which results in two classes of different
total spin wave functions, namely wave functions for spin
n+1/2 and n—1/2. The subsidiary condition removes the
spin n — 1/2 wave functions. Thus, only the spin n + 1/2
wave functions, corresponding to the maximum possible
spin, are kept in the final expression of the solution.
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Appendix

A The explicit matrix form
of the Lorentz transformation

We can write L = e 1930152005 K5,

cos @ cos ¢ —sin ¢ (w/m)sin b cos ¢ —iky/m
cosfsing cos¢d (w/m)sinfsing —ike/m
—sin@ 0 (w/m)cos® —iks/m |’
0 0 i|k|/m w/m

L =

for particles with half-integral spin, w and k are replaced
by E and p, respectively.
B The explicit expression of (56a)—(56c)
We have
€532 (0) = ey (0)el? (0),
Vv 1 1% 1% 1% 1%
€512 (0) = ﬁ[e-&}l(o)eo2 (0) + e (0)e (0)],
1
VviV2 _ vy V2
5 (0) = 75 (05 0)
+ 2¢5" (0)eg? (0) + €24 (0)e? (0) |
1250 % 1 1% 1% 174 1%
e 7(0) = ﬁ[eol (0)eZ(0) + e (0)eq® (0)],
€313 (0) = €24 (0)e (0),

Solution to the Rarita—Schwinger equations

€ (0) = [ (0)60) - (006 (0]
€ (0) = [ (006 (0) = e (00 0]
P 0) = lef (0064 (0) - e, 0)ei? (O]
GG (0) = = [ 0064 (0) - e 0)ei 0)

+ e (0)e (0)]

C The explicit expression of (77a)—(77c)

Denoting 6111 (0)6?22 (O)GK?; (O) = ()\1, /\2, )\3), ()\1, )\2, /\3 =

1,0, —1), the explicit form of (37) can be expressed by
e53"(0) = (1,1,1),
1
e§§1’21’3 (0) = %[(1’ 1?0) + (1?07 1) + (07 17 1)]7
1
elivavs () — 7= [(1, 1, 1) +2(1,0,0) + 2(0, 1,0)
4 (1,-1,1) +2(0,0,1) + (—1, 1, 1)],
1
e (0) = 5[ (10,1 + (0,1,-1) + (1,-1,0)

+ 2(0,0,0) + (=1,1,0) + (0, —1,1)
+ (-1,0.1)],
e (0) = \/% [(1,-1,-1) +2(0,0,-1)
F(—1,1,-1)
+2(0,-1,0) +2(=1,0,0) + (—1, 1, 1)},
eglgus(o) = % {(o, -1,-1) 4+ (-1,0,-1)
+ (-1,-1,0)],
5 (0) = (<1, -1, 1),
vivavs — 2 _ i
62,2 (0) - \/Q(LLO) \/6[(170’1) + (0,1,1)],
Y N O
esv2s (0) = \/3(1,1, 1) + \/ﬁ[(Lo,O) +(0,1,0)
—(1,-1,1) - 2(0,0,1) — (—1,1,1)],
5 (0) = 2 [0, -1 +0,1,-1) - (0,-1,1)
— (~1,0, 1)}
4 0) = <[ (1 ~L=1) + 200,01
( 1 1 1) (037170)7(717030)
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1
— %(—17—1,1),
e (0) = %[(O, ~1,-1) 4 (1,0, 1)
_ %(_1,_1,0),

611/111/21/3 (O) = 7(1a 17 _1) - \/2?0[(1a 070) + (07 170)]

)

— o

/55l 11D +2(0,0,1) + (~1,1,1)]
e (0) = \/g[(l,o, 1)+ (0,1,-1) + (0,-1,1)

4 (~1,0, 1)} - \/E[(l’ ~1,0) +2(0,0,0)

+ (-1, 1,0)},

1SR % 3 3
ni(0) =z (=L -11) - @[(—1,0,0)
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